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Abstract 

The partition function of the ABJM theory receives non-perturbative corrections 
due to instanton effects. We study these non-perturbative corrections, including bound 
states of worldsheet instantons and membrane instantons, in the Fermi-gas approach. We 
require that the total non-perturbative correction should be always finite for arbitrary 
Chern-Simons level. This finiteness is realized quite non-trivially because each bound 
state contribution naively diverges at some levels. The poles of each contribution should 
be canceled out in total. We use this pole cancellation mechanism to find unknown 
bound state corrections from known ones. We conjecture a general expression of the 
bound state contribution. Summing up all the bound state contributions, we find that 
the effect of bound states is simply incorporated into the worldsheet instanton correction 
by a redefinition of the chemical potential in the Fermi-gas system. Analytic expressions 
of the 3- and 4-membrane instanton corrections are also proposed. 
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1 Introduction 



Recently, there is much progress in the 3-dimensional Af = 6 supersymmetric Chern-Simons- 
matter theory with gauge group U(N) k x U(N)_ k , known as the Aharony-Bergman-Jafferis- 
Maldacena (ABJM) theory [1]. Since the ABJM theory is believed to describe the low energy 
effective theory on the N multiple M2-branes, the study of this theory is a significant step 
to understand M-theory. It was shown in [2, 3, 4] that the partition function and vacuum 
expectation values of BPS Wilson loops in 3d supersymmetric Chern-Simons theories including 
the ABJM theory are reduced to finite-dimensional matrix integrals after the localization 
technique [5] is applied. This reduction allows us to use many matrix model techniques. In [6] , 
the famous iV 3 / 2 degrees of freedom of M2-branes predicted from the AdS / CFT correspondence 
[7] was reproduced from the free energy of the matrix model in the leading 't Hooft expansion. 
After that, it was shown in [8] that the all-genus summation results in the expression by the 
Airy function if the worldsheet instanton corrections are dropped out. 

In [9] , another formulation to study the ABJM matrix model was introduced. The crucial 
point is that the ABJM partition function is regarded as the partition function of an ideal 
Fermi-gas system. 1 This equivalence enables us to apply the standard methods in quantum 
mechanics and statistical mechanics. Since the Chern-Simons level k plays a role of the Planck 
constant h = 2irk, the WKB expansion corresponds to the expansion around k = 0, which is 
the strong coupling limit in the ABJM theory. In [9], such a WKB expansion of the partition 
function was studied in detail, and further developed in [15]. The Fermi-gas formalism is also 
powerful to compute the partition function exactly. In [16, 17], the exact ABJM partition 
function at k — 1 was computed up to some values of N. In [18], we further developed the 
method to compute the partition function and obtain its exact values for higher N at various 
levels k. Using these exact values, we can extract the non-perturbative corrections to the 
partition function by subtracting the perturbative Airy function contribution. The result is 
recapitulated in (A.l), with the notation explained below. 

In the Fermi-gas formalism, it is useful to consider the grand partition function and the 
grand potential. The grand potential is divided into the following three contributions, 

J{k,n) = J^\k,n) + J (np \k,fi) + J (osc) (A;,/i), (1.1) 

where j( peTt \k, /x), j( np \k, /i) and j( osc \k, fi) represent the perturbative, the non-perturbative 
and the oscillatory parts, respectively. The oscillatory part j( osc '(k,n) arises because the 
perturbative and the non-perturbative parts do not respect the periodicity in /j, that the 

1 Various ideas related to this formulation were proposed, including the mirror expression in [2, 10], gener- 
alizations to less supersymmetric case [11] or Wilson loop expectation values [12], and studies [13] of the ABJ 
partition functions [14]. 
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grand partition function originally has. However, as discussed in [18], this oscillatory part can 
be removed by the deformation of the contour when we consider the partition function. Thus 
we neglect it in this paper. The perturbative part was computed in [9] and is given by 

J (pcit \k, n) = ^/i 3 + B{k)n + A(k), (1.2) 

where 

The small k expansion of A(k) was first computed in [9], and then its exact form was proposed 
in [19]. Using this result, one can easily rederive the perturbative partition function including 
all the 1/JV corrections [8]. 

In the present paper, we study the non-perturbative part in more detail. It is known that 
there are at least two kinds of instantons that induce the non-perturbative corrections in the 
ABJM theory. One is called the worldsheet instanton, and the other the membrane instanton. 
From the viewpoint of the Type IIA string theory on AdS± x CP 3 , which is holographically 
dual to the ABJM theory in the 't Hooft limit, the worldsheet instanton comes from the 
fundamental string wrapping the holomorphic cycle CP 1 C CP 3 [6, 20], while the membrane 
instanton comes from the D2-brane wrapping the Lagrangian submanifold MP 3 C CP 3 [21]. 
The membrane instanton correction and the worldsheet instanton correction to the grand 
potential take the following forms [9]: 

oo oo 

J M2 (k,fi) = [a e (k)iM 2 + b e (k) fi + c e {kj\e- 2t '>, J ws (A;,/i) = J^*)^- (1.4) 

t=l m=l 

When k <C N 1 ^ 5 , it is more appropriate to consider the M-theory on AdS^ x S 7 /7*k as the 
holographic dual. From this M-theory perspective, the membrane instantons and the world- 
sheet instantons are both coming from the M2-branes wrapping some 3-cycles M. and W in 
S 7 /Z k , where M and W descend to MP 3 and CP 1 in the Type IIA picture, respectively. As 
suggested in [18] and further explained in [15], in addition to such two kinds of instantons, it 
is natural to expect that there is a bound state of ^-membrane instanton and m-worldsheet 
instanton which gives rise to the correction of order 0(e^ ( - 2i+ ^ L ^). In the M-theory picture, 
such an (£, m) bound state corresponds to an M2-brane wrapping £ times on M. and m times 
on W. Therefore the non-perturbative part is expected to have the following form, 



£,m=0 



J< np >(M) = Am(M)exp -(2l+^y 



;i.s) 
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where the membrane instanton correction corresponds to m — 0, while the worldsheet instan- 
ton correction to £ = 0. 

Our goal is to determine the coefficient fe tin (k,fi) of the (£,m) bound state correction. 
In the Fermi-gas approach, the membrane instanton corrections appear as exponentially sup- 
pressed corrections in //, while the worldsheet instanton corrections appear as quantum me- 
chanical instantons. This means that the membrane instantons can be captured in the stan- 
dard WKB analysis but the worldsheet instantons are invisible in the small k expansion. 
Fortunately, since the worldsheet instanton corrections are related to the known results of the 
topological string on local F , we can systematically compute d m (k), as pointed out in [18]. 
The bound state contributions are also invisible in the WKB analysis. Moreover, it is unclear 
how these corrections are understood in the topological string context. There are no results 
on the bound state correction f^ m (k,/i) so far. 

To overcome this difficulty, we employ the following strategy. We require that the non- 
perturbative correction j( np \k, //) should be always finite for arbitrary value of k. This fact 
was first observed in [18] for some integers k. This requirement is realized very non-trivially 
because each bound state contribution fe, m (k,{i) naively has poles at some values of k. As 
an example, let us consider the 0(e~ 2 ^) correction at k = 2n (n G Z). At k — 2n, the 
0(e~ 2tI ) correction comes from the two contributions: the 1-membrane instanton and the 
n-worldsheet instanton. There are no bound state contributions at this order. As pointed 
out in [18], the n-worldsheet instanton contribution f n (k,fi) diverges at k — 2n. Thus the 
1-membrane instanton contribution f 1>0 (k,ii) must also diverge at k — 2n, and the sum of 
these two contributions becomes finite. Using this pole cancellation mechanism in addition 
to the matching of a few coefficients of the WKB expansion, we proposed in [18] the explicit 
form of the 1-membrane instanton correction / 1)0 (fc, //). Recently, the 2-membrane instanton 
contribution / 2; o(&,/-0 was also proposed in the similar strategy [15]. Here we use the pole 
cancellation mechanism to find the general bound state correction /^ m (A;,//). 

Remarkably, from this pole cancellation mechanism and some other input data, we can 
conjecture the explicit form of fe tm (k, //). Our conjecture resolves all the discrepancies observed 
in our previous paper [18]. After summing up all the bound state contributions, we find that 
the bound state contributions are incorporated into the worldsheet instanton correction by a 
simple redefinition of the chemical potential, 



J (np) (A^) = J M2 (k^) + J ws (k,fi eS ) , 



(1.6) 



where the redefined chemical potential fj, c g is given by 




(1.7) 
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Thus our remaining task is to determine the membrane instanton correction J M2 (k,n) and 
the worldsheet instanton correction J (/c,/i). As mentioned above, J ws (/c,/i) can be system- 
atically computed up to any desired order once the weighted sum of Gopakumar-Vafa (GV) 
invariants on local Fo is known. The membrane instanton correction J M2 (/c,/i) will be also 
determined order by order. In this paper, we further propose the 3- and 4-membrane instanton 
corrections explicitly. 

The organization of this paper is as follows. In the next section, we shall first review the 
Fermi gas formalism. In section 3 we shall embark on our study of the bound state corrections. 
Using the results found in section 3, in section 4 we proceed to higher membrane instanton 
corrections. Finally we conclude in section 5. Appendices A and B are devoted to the summary 
of the known results of the non-perturbative corrections of grand potential and the instanton 
coefficients. In appendix C, we derive the relation between \i and /x e ff for even k. 



2 Review of the Fermi-gas approach 

Let us start by reviewing the Fermi-gas formalism describing the ABJM partition function 
proposed in [9] and the non-perturbative corrections to the grand potential [9, 18, 15]. 



2.1 Fermi-gas formalism 

The partition function of ABJM theory on a round S* 3 is written as a matrix integral [2] 



1 f d N Ui d" Vi n,<< [2 sink l^] 2 [2 sinh ii^l 2 



(27r)^(27r)^ n ..[2cosh^]2 



exp 



(2.1) 



The key observation in [9] is that (2.1) can be recast into the partition function of a Fermi-gas 
system 

d N q 

with the density matrix given by 

11 1 1 



1 f d N a 



(2.2) 



k ^2 cosh f 2 cosh V^cosh 



1-12 



(2.3) 



After introducing the chemical potential ji or the fugacity z = e M , the grand partition function 

oo 

Z(k,fi) = l + J2z(k,N)e» N , (2.4) 



JV=1 
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is written as the well-known form for the Fermi-gas system, 

CO 

E(k,v) = l[(l + e-^), (2.5) 

3=0 

where Ej is the energy spectrum of the one-particle Hamiltonian defined by 

P = e~ H , (qi\p\q 2 ) = p(?i,?2)- (2.6) 

Mathematically, the grand partition function is nicely expressed as a Fredholm determinant 
for the kernel p, 



S(/c, p) = det(l + zp) = exp 



n 

n=l 



(2.7) 



We are interested in the non-perturbative corrections to the grand potential defined by 

J(k,p)=\ogZ(k,p). (2.8) 
Note that the partition function can be reconstructed from the grand partition function by 

dz E(k,p) _ [ m dp J{ktli) _ Nli 



2.2 Non-perturbative corrections to the grand potential 

As mentioned in the introduction, the grand potential receives the non-perturbative correc- 
tions. The worldsheet instanton correction J ws (k, p) can be systematically computed by using 
the results of the topological string on local F , 

j™(k,„) = f;f>2 (2 S ^) 2 "' 2 tlfl e -'-^ , (2 . 10) 

9 =0 n,d=l ^ ' 

where n 9 d denotes the weighted sum of GV invariants on local F [22] 

d\+d2=d 



aj^EE^^-^m^J , (2.12) 



It is easy to see that the coefficient d m (k) is explicitly written as 

'-l) m d{ 27rm\23-2 

n d- 

9=0 d\m 

where d\m means that d is a divisor of m. Using the data of GV invariants in [23, 22], we can 
compute n 9 d up to (g, d) = (7, 7). The result is summarized in Table 1. From these values, we 
can compute d m (k) up to m = 7. 
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Table 1: The weighted sum of the GV invariants on local F . 



d 1 2 3 4 5 6 7 





-4 


-4 


-12 


-48 


-240 


-1356 


-8428 













9 


136 


1616 


17560 


2 














-24 


-812 


-17340 


n d 

















186 


9712 


4 
U d 

















-16 


-3156 


n \ 




















552 


n\ 




















-40 


nl 
























It is more difficult to determine the membrane instanton contribution fe,o(k, //) = a^{k)ji 2 + 
bg(k)fx + c e (k). In [9, 15], the WKB expansions of the coefficients a^k), b^(k) and ce(k) were 
studied. In [18], the 1-membrane instanton correction f 1>0 (k,fj,) was proposed based on the 
requirement of the pole cancellation and the matching of the small k expansion. Recently, 
the 2-membrane instanton correction /2,o(&,a0 was also proposed in a similar way [15]. The 
results are summarized in (B.l), (B.2), and (B.3). 

Let us here sketch the pole cancellation mechanism, which is important in our later analysis. 
We first notice that the coefficients (2.12), (B.l) and (B.2) have the poles at some values of k. 
The crucial point is that these poles should be canceled by other contributions including the 
bound states at the same order. The final result of J^ np \k, jj) is finite even for these values of 
k. As an example, let us consider the OieT 2 ^ corrections for even integer k = 2n. In this case 
there are two contributions: the 1-membrane instanton and the n-worldsheet instanton. At 
this order, there are no bound states, and the total non-perturbative correction is given by the 
sum of the 1-membrane instanton correction and the n-worldsheet instanton correction. At 
k = 2n, the coefficients b\(k) and c\(k) are divergent. One can easily check that the behavior 
near k = 2n is given by 

lim ai (k) = (-1)"" 1 - 2 



k->-2n Till 2 

lim M*) = (-rf'^^y (2.13) 



lim Cl (k) = (-l) n - 



k-*r2n 



4n 4 1 / 1 \ 
I | On I 

ix 2 (k-2n) 2 n 2 (k-2n) 3\n J 



On the other hand, at k — 2n, the worldsheet instanton correction f n (k,fi) is also divergent. 
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Its pole structure is given by 
lim / 0ltl e-T" = 



4n 



4(/i + l) , 2/x 2 + 2/i + l 
+ -^r; — H s h w n 



7r 2 (A;-2n) 2 tt 2 (A; - 2n) 



-2/i 



(2.14) 



where u> n are some constants. The poles from /i j0 and / ,n precisely cancel, and we get the 
final answer, 



lim ( /li0 e^ + /0iri e-^) = (-l) 

k— >2rt 



n-1 



4/i 2 + 2/i + 1 



+ s n 



3 -2 M 



(2.15) 



where s„ = w n + ^ - ?f. 

In [15], such pole cancellation mechanism was considered at order 0(e~ 4fl ) for odd inte- 
ger k to find the 2-membrane instanton coefficients (B.2). For such k, there are no bound 
state contributions either, and one can focus on the membrane instantons and the worldsheet 
instantons only. In the next section, we consider some other cases where the bound state 
instanton corrections exist. We use the pole cancellation mechanism to find the coefficients 



3 Bound state corrections 

In this section, we consider the bound state contribution f^ m (k, /i). 



3.1 (l,n) bound state 

Let us first consider the (l,n) bound state. If we focus on the 0(e~ i>M ) term for even integer 
k = 2n, there are three contributions: the 2-membrane instanton, the 2n-worldsheet instanton 
and the (l,n) bound state. Using (B.2), the behavior of the 2-membrane instanton correction 
at k = 2n is given by 

-9/j 2 + 4/i 



£s> e ~ 4 " 



Aln 



25(2^ + 1) 
_2vr 2 (A; - 2n) 2 + 2tt 2 (A; - 2n) 



+ 



1 Wn 

+ 3 1 

' 2n 9 



e~^. (3.1) 



One can check that the pole structure of the 2n-worldsheet instanton correction is also given 
by 



lim f 02n e * = -9 

fc->2n 



n 



2/i+l 2/i 2 + /i + l/4 



_27r 2 (k-2n) 2 27r 2 (k-2n) 2nir 2 
where v n are some constants whose first few values are given by 



-in 



1 

18 : 



13 

36 ; 



^3 



193 
~54~" 



(3.2) 



(3.3) 
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Thus, the sum of these two corrections is 



lim (/ 2i0 e- 4 ^ + fo,2 n e- 8 ^) 

k— >2n 



lQn 



8(2// + 1) 36/i 2 + /t + 9/4 



7r 2 (k-2n) 2 n 2 (k-2n) 



2nn 2 



1 lOra 

+ 3 1 

2n 9 



- 9zv 



-4/i 



(3.4) 



These poles must be canceled by the contribution from the (l,n) bound state. 
We propose the following form of the (l,n) bound state coefficient: 

h, n {k,n) = -2rar 2 ai(£;)d n (£;) . (3.5) 

As we will see below, our proposal (3.5) passes many non-trivial tests. Firstly, (3.5) precisely 
cancels the poles in (3.4). Secondly, (3.5) correctly reproduces the finite part of J( np )(//) in 
(A.l). Let us see these in more detail. At k — 2n, / 1>n in (3.5) behaves as 

16n 8(2/2 + 1) 8/i 2 



k^2n J1 ' n [ n 2 (k-2n) 2 n 2 {k-2n) nvr 2 

where the first few values of the constants u n are given by 

2 2 94 



-An 



Ul = -, u 2 



3' 9 



Thus the total result becomes finite, 



lim (f 2 , e~^ + h, 2n e-^ + h^ 2+ ^) 

k— >2n 



52// 2 + /t/4 + 9/16 



-4 M 



where 



/ 1 10ra\ n 
t n = 3 (^-— + — J - 9v„ + «„, 



whose first three values are given by 

ti =2, t 2 = 2, 



*3 



298 



(3.6) 



(3.7) 



(3.8) 



(3.9) 



(3.10) 



These exactly agree with (A.l) for k = 2,4,6. 

Moreover, at k — 4, the 0(e~ 3 ^) terms come from (0, 3) and (1, 1) bound states. One finds 

/ K ' ' = lL-3* (3.11) 



hm(/ ,3e-^ + / 1 , 1 e-( 2+ ^) = (^ + 2)e- 



-3/t 



Similarly, at k = 6, the C( e - 8 ^ 3 ) and 0{e~ w ^) terms come from (0,4) + (1, 1) and (0,5) + 
(1,2), respectively. One can easily check 



k^6 



lim(/ , 5 e-f " + / ll2 e-( 2+ >) = ( 





My 


-8 - 


9 / 


244 


16\ 


15 H 





OO _ 8(£ 

— e 3 , 
9 



-e s 



k 

All these results perfectly agree with (A.l) again. 

From these checks, we strongly believe that our conjecture (3.5) is correct for any n. 



(3.12) 
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3.2 (2,n) and (3, n) bound states 



Next let us consider the (2, n) bound states. For these bound states, we have less information. 
However, we here propose that f2, n (k,fi) is given by the following simple and beautiful form: 



-2nix 2 a 2 {k) + — {-2mx 2 a x (k))'' 



d n (k). 



(3.13) 



As a check of this proposal, let us consider the 0(e 20 ^/ 3 ) term at k — 3. This term comes 
from (0, 5) and (2, 2) bound states. Thus we predict 



V fx- -2°U i f- -U+*\ u \ /244 16\ _20m 108 _20m 



(3.14) 



Similarly, if one considers the 0(e term at k = 4 and the C(e 14/1 / 3 ) term at k — 6, one 
obtain the predictions 

101 „„ \ 256 



,-5/i 



lim(/o, 5 e-^ + f h3 e~^ + / 2>ie -«+i>") = + 20 + ll)e^ = '-fe 

, „ 28,, „ fo_il6\,, „ , 4\„ s /1712 128 248 \ 

gm(/o l7 c-^ + / 1;4 e-( 2 ^), + -^<) = (— + — + — )e-nr = 



(3.15) 



25208 _i4m 
e s . 



These correctly reproduce the result (A.l). As we will see in the next section, our proposal 
(3.13) is also consistent with the pole structures of bs(k) and c 3 (k). 

From the forms of /i >n and / 2>n , it is natural to expect that fz, n takes the following form: 

/ 3n = L2mr 2 a 3 (A;) + s(-2n7r 2 a 2 (A;)) (-2mv 2 a^k)) + t(-2n7r 2 a 1 (A;)) 3 j d n (/c), (3.16) 

where s and t are some constants. To fix s and t, we consider the (9(e~ 8M ) terms at = 2. 
These terms come from (4,0), (3, 1), (2,2), (1,3) and (0,4). By comparing the coefficients of 
/j, 2 e~ s ^, we obtain the constraint 



2269 16 



(50 + 27s + 24t) 



2701 



(3.17) 



7T 2 37T 2 ' 7T Z 

Moreover, since the 0(e~ 7tl ) term at k — 4 come from (3,1), (2,3), (1,5) and (0,7), we get 
another condition, 



11882 io n 4096 

+ 18s + 8t = . 

21 7 

From these conditions, s and t are completely fixed, and we find 

. = i, t = \. 

Thus (3.16) becomes 



(3.18) 



(3.19) 



fs,n — 



-2nn 2 a 3 (k) + (-2nir 2 a 2 (k)) (-2nn 2 a^k)) + — (-2nn 2 a^k)) 



d n (k). (3.20) 
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3.3 Summing up all the bound states 

Let us summarize the results in the previous subsection. For notational simplicity, we introduce 

A e>m = -2mir 2 a t (k). (3.21) 

In terms of A^ m , our conjecture of the bound state contributions /i, m , j 2 ,m and fz, m in the 
previous subsection are written as 

A, TO — Al tm d m , /2,TO — (y^2,m + ^j^l,TO^^TO5 

h,m = ^3,m + ^2,m-^-l,m + ^j^l,m)^m- (3.22) 

These expressions immediately suggest us that the general coefficient fi tTn is given by 



ft 



E 



pi\p 2 \ ■■■pel 



A Pl A P2 ■ ■ ■ A p ' 



dm: 



1,2,...), 



(3.23) 



Jpi,-,Pi) 

where the sum runs over all the allowed partitions of £ labeled by (pi, . . . ,pe) satisfying 

Pl + 2p 2 + ■ ■ ■ + i Pi = £, pi > 0, p 2 > 0, • • • , Pi > 0. (3.24) 

One non-trivial check of this conjecture is to predict the coefficient of /i 2 e~ 10M at k — 2. Using 
the explicit forms of ae(k) (£ — 1, . . . , 5) in [15] 2 and our conjecture (3.23), one finds 



5-m,m6 



-(2(5-m)+^)ji 



m=0 



/31752 4150 5760 6888 6216 15002\ 2 10 „ , , 
-=-5- + —it + —it + —it + —it + -=-5- )H V 10 " + other terms 

161824 9 ln „ . , . 

r 9 /A 2 e~ 10/ * + (other terms). (3.25) 



This perfectly agrees with the result in (A.l)! In the above computation, each bound state 
contributes quite non-trivially, and the sum of all these bound states reproduces the correct 
answer. Therefore this match strongly supports our conjecture (3.23) (at least up to £ = 4). 
If this conjecture is correct, we can perform the sum over i in J (np) (/i), 

4m\ 



e,m=o 

(£,m)^(0,0) 



2 There is a typo in a 5 (k) in the first version of [15]. We need to replace 9104 in front of cos(57rfc/2) by 
9104/5. We are grateful to the authors of [15] for correspondence. 
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LXJ LXJ LXJ 

E a^-^+E E 8- "" E . ^ gm ...^ ro . (3^26) 

<=1 m=1 ^=0 (pi,..,Pt) 



Using the summation formula 



E*' E 



1 



e=o (pi,-,Pt) 
we finally obtain 



A Pl A P2 ■ ■ ■ A Pe — pyti 



n=l 



(3.27) 



jto)^) = ^(a,(A;)/i 2 + + c e (k))e' 2 ^ 



+ ^d m (£;) exp 



m=l 



tt 2 A; 



n=l 



(3.28) 



This result means that all the bound state contributions are incorporated into the worldsheet 
instanton corrections by redefining the chemical potential //, as in (1.6) and (1.7). 

For even k = 2n, in particular, we can write down the analytic relation between fj, and fi e s, 

lia = li+ (-I)"" 1 2e- 2 ^ 4 F 3 (l, 1, |, |; 2, 2, 2; (-1)" 16e^) . (3.29) 

A derivation of this expression is presented in appendix C. Similarly, for odd k, from the 
numerical value, we conjecture that 



fi cS = fi + 4F3 (l, 1, 2, 2, 2; -lee" 4 ^) . 



(3.30) 



These relations are very similar to the relation between the function k of the 't Hooft coupling 
A = N/ k and the derivative of the genus-zero free energy, found in [6] . 



4 Higher membrane instanton corrections 

In this section, we would like to find the higher membrane instanton corrections fefl(k,fi) = 
at{k)n 2 + bi(k)fi + Ci(k). In [15], the explicit forms of a^(k) up to £ = 5 have been proposed. 
Here we first conjecture b s (k) and Cs(k), and then we will make an observation, with which 
we can further proceed to discussing 64(A)) and c±{k). 

4.1 Conjecture for b^{k) and c^(k) 

Let us consider the e -6 ^ terms. For odd k = 2n + 1, such terms should vanish. These 
contributions come from (3,0) and (l,2n + 1). This means that f^o should behave, in the 



11 



limit k — > 2n + 1, as 



lim / 3i0 e- 6 " = - lim /We^T^ = (-l) n 

fc->2n+l fc^2n+l 



2n + 1 



tt(A; - 2n- 1) 



+ 



4/i + l 



7T 



3 -6/i 



(4.1) 



This is consistent with a 3 (2n + 1) = 0, and give the conditions for b 3 (k) and c 3 (fc), 



lim 6 3 (k) 

fc->2n+l 



4 

■1)"-, 
7T 



lim c 3 (k) = (-l) n 

fe— s>2n+l 



2n+ 1 



(4.2) 



n(k — 2n — 1) tx 

Next let us consider k = 2n/3 (n (jL 3Z). In this case, the (9(e~ 6M ) terms come from (3, 0) 
and (0,n). The pole structure of fo, n e~ 4n ^ k takes the following form, 



lim / , n e-^ = 

fc->2n/3 



4n 4(3/1 + 1) 

8l7r 2 (fc - f ) 2 + 27tt 2 (A;- f ) 



2/i 2 + 2/i/3 + 1/9 



where 



1 7 187 

3 6 12 ' 



(4.3) 



(4.4) 



These poles must be canceled by the poles from 63 (k) and cz{k). Thus we require the conditions 
at k = 2n/3 (n £ 3Z), 

4 



lim & 3 (fc) = (-l) r 

fe-s-2n/3 



lim c 3 (/c) 

fc->2n/3 



-1)™ 



4n 



+ 



(9(1) 



(4.5) 



_81tt 2 (A; - f ) 2 27vr 2 (A;-f) 

Finally let us consider k = 2n. For such k, (3,0), (2,n), (l,2n) and (0,3n) bound states 
contribute to the 0(e~ 6 ^) terms. Since we have already known the analytic expressions of 
f2.n1 /i,2n and /o,3n for small n, we find the pole structure of each term at k — 2n, 

104n 



lim / 2 , JI e- (4 ^ )tI = (-1)- 1 

k— >2n 



4(26/i + 9) 4(13/i 2 -4/i) 



7T 2 (A;-2n) 2 tt 2 (A; - 2n) 



-6/i 



lim /j 2n e' 

fc->2n 



hm/ , 3n e-^ = (-l) 



n-1 



36n 



18(4// + 1) 72fi 2 



7T 2 (k — 2n) 2 n 2 (k — 2n) mr 2 
328n 



(4.6) 



328(3/x+l) 2(738/i 2 + 246/i + 41) 



_27tt 2 (A; - 2n) 2 27tt 2 (A; - 2n) 27nvr 2 

with some constants x n , y n and z„. The requirement of the pole cancellation gives the condi- 
tions 

1912 



lim b 3 (k) = (-If 

k->2n 



9tt 2 (A; - 2n) 



+ 0(1) 
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lim c 3 (k) = (-1)" 

fc->2n 



4108n 



+ 



1786 



+ (9(1) 



(4.7) 



_27n 2 (k - 2n) 2 27vr 2 (A; - 2n 

(4.2), (4.5) and (4.7) are the pole conditions that b 3 {k) and c 3 {k) should satisfy. 

Here we propose the explicit forms of 63 (A;) and c^{k) satisfying both the above pole struc 
tures and the correct WKB expansions in [15], 

4 



h(k) 



TT 2 k 



1Q f nk 

13 cos — 
V 2 



+ 



/3nk 



CSC 



/3nk\ 

+5cos h-) 



(241 + 405 cos(ttA;) + 222 cos(2ttA;) + 79 cos(3ttA;) + 9 cos(4ttA;)), 

A 7„2 



/it 2 n 2 k 2 \ .,. -K 4 k 2 1, /7r/c\ 6 /7rfc\ /7r/c\ 

<*(*) = ( T + ^)as(k) + — a^) 3 - ^sec( T ) - -cot( T ) cos( T ) 



6 48 

1 /37T/C 

+ -«*(— 



7T 

+ A; 



cos 



12 

7rk 

T 



10 /3nk 

— cos 

9 V 2 



cos 



5nk 



/7rk\ 79 

3cos (TJ + "6 rCOS 



3ixk 



5 /5irk\ 

- cos 

2 V 2 J 



+ A; esc 



9 /37r/c\ 

(— ) 



fiik 
95 cos I — 



343 
+ — cos^ 



2 

f37ck\ 



+ 19 cos 



57r/c 



V 2 



(4.8) 



These results reproduce the coefficients of e 6m for /c = 2, 4 correctly, 

"736/i 2 - 304/i/3 + 154/9 



lim ^2 h-m, m e 

m=0 
3 



k >>" — 



3tt 2 



-32 



-6/i 



lim > f ; 



-(2(3-m)+3p> 



m=0 



736/i 2 - 304/^/3 + 154/9 
6^ 



+ 32 



(4.9) 



We should comment on our proposal (4.8). First of all, the pole conditions and the co- 
efficients of the WKB expansions in [15] do not fix the forms of b 3 (k) and c 3 (k) completely. 
We need to make assumptions for the forms of these functions, and then try to fix the coef- 
ficients in the ansatz. For b 3 (k), we can fix all the unknown coefficients in the ansatz from 
the pole conditions and a part of the WKB data, and check that the obtained result give the 
higher coefficients of the WKB expansion correctly. For c 3 (k), however, there are too many 
unknown parameters in the ansatz to fix them from the pole conditions and the WKB data. 
Nevertheless, we conjecture the explicit form (4.8). To find it, we follow the criteria that c 3 (k) 
should not have so complicated coefficients. This criteria seems to be natural from the results 
for Ci(k) and C2(k). Moreover, in the next subsection, we will find a very non-trivial relation 
(see (4.16)). Using this relation, cp(k) is automatically determined by be(k), and this relation 
is valid for £ = 3 as well as £ = 1, 2. However, there remains an important problem to check 
whether our proposal for c 3 (/c) indeed reproduces the higher WKB coefficients correctly or 
not. 
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4.2 Some observations 



Concerning the forms of membrane instanton corrections, we find some curious observations. 
As seen in the previous section, the summation over the bound states results in the worldsheet 
instanton correction with the redefined chemical potential /z e fj. This fact suggests us to rewrite 
the other part of the grand potential also in terms of /x e fr- Namely, we would like to rewrite 
the sum of the perturbative part and the membrane instanton part 



-// 3 + B(k)/jL + A(k) 



+ 



H 2 J a (k,fi) + fiJ b (k,fx) + J c (k,fi)\ , 



(4.10) 



where we have introduced the notation 



J a (k, V)=J2 a t{k)e-^, J b (k, V) = J2 Mk)e- 2e », UK V) = J2 c ^ k )e^. ( 4 - n ) 



e=i 



1=1 



1=1 



When writing in terms of fj, e e = \i + J a (k, fj,)/C(k), the fi 2 J a term in (4.10) is absorbed into 
the perturbative part and the final result becomes 

J^(k,fx) + J M2 (k,fi) = > crt )(A;,/i cff ) +fi cS J b (k,fi cS ) + J c (k,fx eS ), (4.12) 

where Jb(k,/i e s) and J c (k, /i e s) are given by 

J a (k,fi) 2 



J b (k,fi cS ) = J2Uk)e- 2£ ^ = J b (k,fi) - 



oo 



C(k) ' 



i=i 



Ok) 



Ctk) 



(4.13) 

2J a (k,fi) 3 
3C(k) 2 ' 



The coefficients bg(k) and q(/c) are related to a^(/c), b((k) and q(/c). The first three coefficients 
are explicitly found to be 



/irk 



nk 



6 1 (*) = -cot( kT j cos^j, 
b 2 (k) = icot(7r£;)(4 + 5cos(7r£;)), 



7T 



~" 4 /37r/c\ /7T/C\ 

h{k) = — cot(— -) cosl— )(13 + 19cos(ttA;) + 9 cos(2vrA;)) , (4.14) 



/7rk\ 



and 



ci(fc) 



1 /7r/c\ /7r/c\ 2 fTlk\ (Ttk\, . . s 



1 

C2(fc) = — cot(7r/c) (4 + 5 cos(7r/c)) + — csc 2 (7rA;) (16 + 25 cos(7rA;) — 5 cos(37rA;)) , 



16 



14 



2 /37r/c\ /7r/c\ 
c 3 (k) = ^ cot (^-j cos(^— J(l3 + 19cos(ttA;) + 9cos(2ttA;)) 



H csc z 

12 



3nk 



(nk 



, cos I — ) (54 + 87 cos(ttA;) + 53 cos(2ttA;) 
2 / V 2 / 



— 2cos(37r/c) — 13cos(47rA;) — 15 cos(57rfc)). 
Very surprisingly, we find that cg(k) can be expressed by be(k), 



c e (k) = -k 



2 d / b e (k) 



dk \ 2£k 



(£=1,2,3). 



(4.15) 



(4.16) 



We stress that, if we use this relation, q(&) is completely determined by b e (k) and subsequently 
the original coefficients b e (k) and cg(k) can be reconstructed by these redefined functions. 
Therefore we expect that the redefined function bi(k) plays a more fundamental role in studying 
the higher membrane instanton corrections. 

Furthermore, we note that bg(k) has an interesting structure. Considering that the poles 
appearing in d m {k) originate from the genus-zero GV invariants n d , we should be able to 
separate the divergences in be(k) and express them in terms of n d . In fact we find that bg(k) 
can be written as 



h(k) 
h(k) 
Hk) 



1 (nk\ [ n (Txk\ 

cos — n\ cot — 

2vr V 2 / 1 V 2 / 



COs(7r/c) 



7T 

3 

-—cos I 
2tt V 2 



n /irk\ n, 

2COt {~TJ + 2^ cot( } 



3nk 



n 



3 COt (t) + ¥ COt ("2") + 8 Sm( } 



(4.17) 



From this, we conjecture that the general structure of bg(k) is given by 



b i (k) = --cos[— 



E 



(£/d) 



2 cot ^— J + 2^ pi tTl sin(irkn) 

n=l 



(4.18) 



This structure of the divergent part solves the pole cancellation condition explicitly. In fact, 
using (4.16), we find that the divergence coming from 



(fxosbeik) +c e (k))e~ 2e ^ + d m {k)e- Am ^'\ 



(4.19) 



at k — 1m 1 1 cancels each other. 

Besides, we find that the remaining finite part of j( np \k, pL eS ) = J(k, fi(fi cS ))—j( peTt \k, /z eff ) 
at integers k is given by 

~E d \i(d 3 n° d ) (_i)n^ 

167r 2 £ 3 k i 1 + 4 ^eff + 8(£/i cff ) 2 ) + E 4 



J (np) (^odd,/icfr) = ^ 



(-i)V 



15 



> = E 



e=i 



+ Y,h(k,m)[n g d ]e- 4m ^ s/k , 



m=l 
d) 



2n 2 Pk 

oo 

+ J2 h (k,m)[n 9 d }e- 4m ^ H/k 



E 



kn(5^ n 



.■]\«?/2 e -2^ eff 



(4.20) 



m=l 



where /i(/c,m)[n^] is a linear functional of n d with complicated coefficients. Note especially 
that the (3 dependence at even integers k is a simple sum, while that at odd integers k is an 
alternating sum. This means the finite parts for integers k give only two conditions. 

Moreover, the condition for even integers is essentially same as the condition from the 
next-to-leading WKB coefficient of be(k). Let us see this fact in more detail. We notice that 
the leading and the next-to-leading WKB coefficients of be(k) are related to the g = GV 
invariants n d and the coefficient j3^ n through 



^ = -^E A S. ?' = E( 



d\e d\e 
where the WKB expansion of b \(k) is defined by 



d d 3 \ , 

1 in 

12 8/ ' 



2>ft, n , (4.21) 



1 00 ~ 
b e (k) = - k Y, b i m) k 2m - 



(4.22) 



m=0 



Recalling that the leading and the next-to-leading WKB coefficients of a^(fc), bc(k) and 



are easily computed from the functions Jo(fi) and Ji(fj) in [9], one can compute bf^ and b 
for any £. This means that one can fix n d and V^ n n/3^ n for any desired d and £ order by order 
by solving (4.21). 

We also note that the non-perturbative corrections to the grand potential at k — 1,2 are 
particularly simple because the contributions for g > 1 in J ws trivially vanishes, 

7(n P )n \ ^\ Y. d \M*<) ( %{£^Y + A£^ + l In , E d |/<*K -*&(!- (-!)*)) 
; L/ '' :!) 2- — uTT — <v w ■>) • T7i7 

£d|*M) ^ (-l)"n/3 2£ ,„" 



C(i) 



+ 



+E 



:-i)*e 



Z~2 d \i(d 3 n° d ) f 2{£fi cS ) 2 + 2£fi cS + 1 1 



4£ 



( 



Y,d\t( dn d) x - 



£ 2 7T 2 



;-i)V 



(4.23) 
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Finally, let us study the redefinition of fj, e g itself. We can also express \x in terms of /j, e g : 



oo 



» = ^ + T^V E e.(A:)e- 2 ^« , (4.24) 
where the coefficients e^(/c) are related to a^(fc) and fixed order by order, 

ei (A;) = ^cos(^), 
2 

e 2 (&) = -^cos^fe), 

es(*) = cos (— ) ( 2 + 3cos (^))> ( 4 - 25 ) 
e 4 (fc) = -4r cos(2ttA;) (17 + 32 cos(ttA;) + 16 cos(2tt£;)) , 

4 / t57T k \ 

e 5 (fc) = — - cos ( — - ) (101 + 190 cos(Trfc) + 140 cos(2ttA;) + 60 cos(3ttA;) + 10 cos(4ttA;)) . 
hit k V 2 / 

These look simpler than ae(k). 

4.3 Further conjecture for 64 (k) and C4(fc) 

If we believe the relation (4.16) holds for any I, the whole system of be(k) and cg(k) are 
determined explicitly by bp(k), which consists of fewer coefficients. To determine 64 (k), we 
make an ansatz for b±{k) similar to the form of a 4 (k), as in the case for £ = 1,2,3. If we 
require that, in the sectors with 

• (4, 0) and (0, n) bound states at k = n/2 (for n — 1, 3, 5, 7), 

• (4, 0), (2, n) and (0, 2n) bound states at k = n (for n — 1, 3), 

• (4, 0), (3, 1), (2, 2), (1, 3) and (0, 4) bound states at k = 2, 

the poles cancel and the finite terms for the integer k match with our fitting results (A.l), we 
find explicitly that 

b 4 (k) = -!- cot(27r£;) (164 + 288 cos(ttA;) + 197 cos(2ttA;) + 96 cos(3ttA;) + 32 cos(47r£;)) . (4.26) 

Note that as we have studied in (4.18), b \{k) can also be put into the form 

"71 k\ n2 , , s n° 



~ 2 
bi(k) = cos(27rA;) 

7T 



n° 4 cot + ^| cot(7r£;) + ^ cot(27r£;) + 48 sin(7r£;) + 16 sin(27r£;) 

(4.27) 
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From this, we can reconstruct b±(k) and 04(h) without difficulty. Since the expressions are 
lengthy, we shall list here only the expansion around k — 0, 

, /1N 33635 17165A; 127339tt 2 A; 3 12223tt 4 A; 5 1945973tt 6 A; 7 ^, iQ , 

6 4 (A;) = — + + + 0(k 9 ), 

K J 12n 2 k 6 90 27 18900 V ; ' 

H^+^H-^-^y^ <**> 

The first two coefficients are found to match the results of [9] correctly. However, these matches 
are automatic from the above cancellation mechanism. 3 

We can repeat the same analysis for 65 (k) and c^{k). However, in an ansatz of 65 (k) similar 
to a 5 (k), there are more coefficients than conditions and we cannot determine them explicitly. 
One way to see it is that, as we noted below (4.20), the finite values of J(k,fi) for integers k 
gives two conditions to determine two coefficients (3^ n in 64 (A;), while 65 (k ) is expected to have 
more coefficients which cannot be determined only by one condition in (A.l). 



5 Summary and discussions 

In this paper, we have studied the non-perturbative corrections to the AB JM partition function 
in the Fermi-gas approach. These non-perturbative corrections contain the contributions from 
the bound states of the worldsheet instantons and the membrane instantons, which originate 
from the M2-branes wrapping two different cycles M and W on the gravity dual side. 

We have proposed an expression for the coefficients of the bound states fe, m (k : //) and the 3- 
and 4-membrane instanton corrections explicitly. We have found that the summation over the 
bound states is beautifully incorporated into the worldsheet instanton correction by redefining 
the chemical potential \x. We believe that our results on the bound states open up a new era 
in understanding instanton effects in M-theory since, unlike the worldsheet instanton or the 
membrane instanton, the bound states were not accessible from any established methods such 
as the topological strings or the WKB analysis in the Fermi-gas. Our method is basically 
the same as our previous work [18] by requiring the singularities coming from each instanton 
contribution to cancel and matching the finite results and the WKB expansions. We have 
also found that the non-perturbative correction to the grand potential can be reexpressed in 
a simpler form by using the redefined chemical potential. This result implies a deep hidden 
structure in the ABJM partition function. 

We shall conclude our paper with discussions on the further directions. 

3 We thank the authors of [15] for checking that the higher coefficients in (4.28) also perfectly agree with 
the ones obtained from the WKB expansion in [15]. 
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Firstly, we have only used a limited number of data to propose analytic expressions, which 
are considered to have infinite coefficients potentially. It would be important to check our 
results in more details by increasing the data such as the WKB expansions and the finite 
results in the grand potential. 

Secondly, after determining the coefficients up to 4-membrane instanton, we would like to 
head for a more general structure of the membrane instanton correction. For example, we have 
found that the redefinition of the chemical potential simplifies the expression substantially and 
the new expression enjoys an interesting relation among the coefficients. It would be interesting 
to understand the physical meaning of the redefinition. Perhaps, // e ff might be interpreted as a 
certain generalization of the flat coordinate on the quantum moduli space of local F , including 
the membrane instanton corrections. The similarity pointed out below (3.29) may be useful to 
clarify the interpretation of fi c s. Along this line, we would like to raise a question whether \x 
or fi eS is more "fundamental" . As we have seen, most of our general arguments are expressed 
more simply in /z eff . However, though we observed [18] in (A.l) a similarity in coefficients 
between J(l,/i) and J(2,/x) and between J(3,/i) and J(6,/i) even for terms not multiplied by 
l/7r 2 , this similarity is not found when expressed in /i eff . 

Also, our general expression (4.18) for b e (k), guided by the pole cancellation mechanism, 
contains the coefficients j3e, n and the relation between /i and fi c s contains the coefficients in 
en{k) or ag(k). It is interesting to observe that these coefficients share some kind of integral 
property. It would be important to understand whether they can be expressed in terms of the 
GV or other invariants. We would like to study higher membrane instanton effects to clarify 
the structure. 

Finally, it would be also interesting to study the relation, if any, between the worldsheet 
instanton corrections and the membrane instanton corrections under the inversion of the cou- 
pling k/2 — > 2/k along the lines of [24]. 
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A J^\k,fi) at k = 1,2,3,4,6 



Here we summarize the non-perturbative corrections to the grand potential at k — 1, 2, 3, 4, 6. 
These are the updated data, part of which are previously listed in [18] . These coefficients can 
be fixed by the numerical fitting from the exact values of the partition function. See [18] for 
more detail: 
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B Known results of membrane instanton corrections 



Here we summarize various known results of the membrane instanton coefficients. The coeffi- 
cients of f-membrane instanton are given by 
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while those of 2-membrane instanton are 
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The coefficients a^(fc) are determined up to £ = 5 as 
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C Relation of fi and /i e ff for even k 

In this appendix, we derive (3.29) for even integer k = 2n. Our goal here is to exactly perform 
the sum 



^2a e (2n)t 



-241 



(C.l) 



Since kai(k) is a periodic function of k, the values of a^{2n) are related to the leading WKB 
coefficient of ae(k): 



(o) 

a t (2n) = (-1)^, 



(C.2) 
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where the WKB expansion is given by 

CO 

a e (k) = -J24 m) k 2m - (C3) 



k 

m=0 



We find that af^ is generically given by 



(0) ^ 



£ir 2 



(2£-iyr 2 



(C.4) 



This result can be confirmed by using the large \x expansion of Jo(/-0 i n [9], 

T / \ & „ (\ 1 1 3 e 2 ^\ e 2 ^ „ / , , , 3 3 n & 

JJu) = — 3 F 2 -,-,-; 1,-; — -4F 3 [l,l,l,l;-,-,2;- 

uvp; 4 o ^ 2 '2 2 2 16/ 8vr 2 V ' ' ' '2 2 1 

= £3 + f + ^ + »«fV + + cJV*. (C.5) 

e=i 

Therefore we finally obtain 

£ a,(2n)e- 2 ^ = (-l)"- 1 ^ ^ (l, 1, §, §; 2, 2, 2; (-1)" 16^) . (C.6) 
z — ' nir z \ 2 2 J 
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